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Let G be a finite group and suppose that G has a faithful irreducible 
representation of degree f  over the complex numbers. Various theorems exist 
which guarantee that if p is a prime that is in some sense large when compared 
withf, then G is p-closed, that is G has a normal Sylow p-subgroup. It is not 
surprising that if G is assumed solvable or p-solvable, stronger theorems 
result. An example is Ito’s Theorem [8] that if G is p-solvable andf < p - 1, 
then G is p-closed unlessf = p - 1 is a power of 2. In the author’s Ph. D. 
thesis [5], it was proved that if G is p-solvable and p + I < f .< 2p - 2 
then G isp-closed unlessp f  1 is a power of 2. Under the assumption that G 
is solvable, Winter [lo] showed that G is p-closed unless some prime power 
4 If with 1 # q = -1, 0 or 1 modp. In particular, if f  < 2p and G is 
solvable but not p-closed, Winter’s Theorem yields f  = p - I, p, p + 1, 
2p - 2 or 2p - 1 and f  is a prime power. Unfortunately, Winter’s methods 
really seem to require the assumption of solvability and do not generalize to 
the p-solvable case. 
In another paper [I 11, Winter showed that if G is p-solvable but not 
p-closed, and f  = p - 1, p or p + 1, then in fact G must be solvable. 
Our main result, Theorem 4.1, generalizes this to show that i f f  < 2p and G 
is p-solvable but not p-closed then G is solvable, except when f  = 2p - 2 
is a power of 2. It follows that f  is a prime power and f  = p -- 1, p, p + 1, 
2p - 2 or 2p - 1 as above. Actually, we do not appeal to Winter’s results 
(or even Ito’s theorem) in this paper because in the situation of a minimal 
counterexample to our theorem, most of these results are immediate and 
give little new information. 
I would like to thank Prof. Winter for the prepublication copies of his 
papers which he has generously given to me. 
1. Let F, denote the field obtained by adjoining a complex primitive 
n-th root of 1 to the rational numbers, F. Let G be a group of order n and let 
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x he a character of G. By a theorem of R. Brauer, x is afforded by a represen- 
tation X over F, . For a particular x E G, the eigenvalues of .X(X) do not 
depend on the particular choice of X and we refer to them informally as the 
eigenvalues of x(x). Similarly, the linear character h defined by h(x) : 
det X(x) depends only on x and we write A = det x. Now let 0 E g(li,/F), 
the Galois group. Then XU is a representation of G (defined by P(x) = X(xp) 
which affords the character x0 and det x0 = (det x)“. Also, the eigenvalues 
of xv(x), with appropriate multiplicities, are found by applying CJ to the 
eigenvalues of X(X). In particular, if x = xc, then u permutes the eigenvalues 
of X(X). 
Write x L F,,, if x(x) E F,,, for all x E G. We shall say that x is p-jixed for 
a prime p, if x i_ Fr,, for some nz with p { m. Suppose 1 G 1 - n = nOpa where 
P r % . I f  x _C FnO then, of course, x is p-fixed. Conversely, if x Z F,, for some 
m with p f  m, then x C F,,, n F,, _= Fc,,,,) C Fn, . Thus the p-fixed characters 
of G are exactly those fixed by B(F,/F,O). A standard theorem of Galois 
theory yields that the restriction map from Y(F,/F,O) maps onto g(F,,/F) 
and thus B(F,/FJ transitively permutes the primitive pb-th roots of 1 for 
each b < a. In particular, if x is p-fixed and x E G is such that a primitive 
pb-th root of 1 is an eigenvalue of x(x) with multiplicity R, then all primitive 
pb-th roots of 1 have multiplicity k as eigenvalues of x(x). I f  x E G has order p, 
we say that h* has type k with respect to x if k is the common multiplicity of 
the primitivep-th roots of I as eigenvalues of x(x). Note that x(I) >, k(p - 1) 
and k > 0 if x is faithful. 
The following lemma follows easily from the above remarks and is 
essentially proved as Lemma 1.2 of [7]. Its proof will be omitted here. 
LEMMA 1. I. Let G have a faithful+fixed character x with x( 1) < k(p - 1) 
for some k .<. p. Then a Sylow p-subgroup of G is elementary ubeliun of order 
cp”‘. 
LEMMA 1.2. Let H CJ G with GIG’H a p-group. Suppose that p r / H 1 
and that x is a character qf G with ,yH irreducible. Then there exists a p-Jixed 
character # of G with $H = ,yH . Furthermore, # = px for some linear character 
CL, 
Proof. Let A = det x and let u be the order of )LH in the group of linear 
characters of H, so that hHU = lH . For integer a, we have det(&Q = Xauf+’ 
where f = x(l). Since p { 1 H 1 and xH is irreducible, p r f. Also p r u and 
thus we may choose a such that uuf + 1 is divisible by the full power of p 
which divides the order of X in the group of linear characters of G. Thus 
# = XUax has determinant with $-order and $H = xH. We claim that (CI is 
p-fixed. 
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Let 1 G 1 = n = pem where p {m. In order to show that $ C F, , it 
suffices to show that $I = @’ for o E %(F,/F,). Certainly, /Jo C F,, and thus 
#H = Z,/J~O = xH is irreducible. It follows that there exists a linear character 
v with kernel 2H, such that @’ = v#. (S ee, for instance, Lemma 3.1 of [6].) 
Then (det $)” = det +F = vf det 4. However, det 4 has p’-order and so 
(det +!J)o = det 4 an d vf = 1. Now ker v S G’H and by hypothesis, G/G’H 
is a p-group. Since p r f and vf=l,wemusthavev=l and#O=#as 
desired. 
We shall now discuss a result which appears to be crucial in what follows. 
A version of it appeared in the author’s thesis and as Proposition 2.2 of [6]. 
It was discovered independently and generalized by Glauberman in his 
paper [3], where it appears (in disguised form) as part of Corollary 6. It is 
also used by Winter in his work on p-solvable linear groups. Because of its 
importance for this paper, a proof will be given here. We begin with a lemma 
which appears as Proposition 1.2 of [6]. 
LEMMA 1.3. Let x be a p-$xed character of G and let x E G have order p 
and be of type r with respect to x. Let K Z C(x) have PI-order. Then 
xK = (p - 1) 0 + p where e(l) = r and 8 and q~ are either characters or are 0. 
Furthermore, for y  E K and 1 # u E (x) we have x(uy) = q~( y) - b’(y). 
Proof. Let E be a primitive p-th root of unity and let / G / = n = pem 
with p f m. Choose an F, representation 3 which affords x such that 
3(x) = diag(E ,..., E, e2 ,..., c2 ,..., <p-l ,..., l -I, l,..., 1). 
Then any matrix which commutes with X(X) must have the block diagonal 
form 
diag(B, , B2 ,... , B,-1 , C), 
where Bi is an r x r matrix. Of course, if r = 0, then the B, do not occur 
and if n = (p - l)r then C does not occur. It follows that 
XK = 0, + ... + e9-1 + g, where e,(l) = r 
and the 19~ and y are characters of K or are zero. Also, if y E K then 
x(v) = IX;‘= &(Y) + dy)- N ow g(F,/F,) permutes the ei transitively, 
and fixes 19,(y), v(y) and x(xy) (the latter since x is p-fixed). Since the & are 
linearly independent over F, , we conclude that all e,(y) are equal and 
XK = (P - 1) e + ?. If UE(X)#, then U=X~ for 1 <j<p- 1 and 
we have x(uy) = xy=;’ &e(y) + v(y) = y(y) - B(y). 
THEOREM 1.4. Suppose H is a group which is acted upon by a group P of 
order p, a prime with p r / H I. Let x E Irr(H), (the irreducible characters of H), 
481/24/3-8 
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and suppose x is invariant under P. Let K = C,(P). Then xK = p0 k /I 
where /3 E Irr(K) and 9 is a character of K or is 0. Furthermore, if # is a p-@ed 
character of HP such that gH z- x and P = i,lc’>, then B(1) is the type of s 
with respect to 4. 
Proof. Let G = HP. Since , G : H j = p and x is invariant in G, x may 
be extended to G. By Lemma 1.2, x has ap-fixed extension $. By Lemma 1.3, 
xK = #K == (p - 1) 0 + 9 where O(l) is the type of E with respect to (CI. 
Also if u E PL = P - {I}, and v  E K, Lemma 1.3 yields #(uv) = p)(v) - fl(r;). 
We shall show that T - 6’ =~ &tp where /3 E Irr(K). It will follow that xK -: 
p8 + (yz - e) = pB i /3 and we will be done. It suffices to show that 
11 4” - 0 11; = 1 where 1’ ! K is the usual norm obtained from the character 
inner product. 
Let g E G - H. Then g = uz! uniquely where u has order p and 2: E C,(u). 
Let P = P, , P2 ,..., P, be the distinct Sylow p-subgroups of G and let 
Ki = C,(P,). Then 
where the union is disjoint. The sets Pi#Ki are all conjugate in H and we 
obtain 
PIHI = lG/IlW’== IHIllcC~li~+ C I~(s>l” 
WC-H 
= I H I II &I II* + t C I 3k)l”. 
Since #H = x is irreducible and t = / G : N,(P), = 1 H : K ~, we obtain 
(P - 1) I k’ I = C I t+Wl’~ 
ycP*K 
By Lemma 1.3, if u E P# and y  E K, we have #(uy) = y(y) - B(y). This 
yields 
(P - 1) I K I = (P - 1) SK I dr) - ~Y)I’ 
and 1) IJJ - 0 /j2 = 1. This completes the proof. 
We remark that if p # 2, then 0, /3 and 6 are uniquely determined in the 
formula xK = p0 + c/3 where E = I-t 1. If, however, p = 2, then 6’ and c 
are not uniquely defined since 
20 - p = 2(e - p) + p. 
This ambiguity corresponds to the fact that both of the extensions of x to 
PH are 2-fixed when p = 2 and thus the type of x with respect to $ is not 
uniquely determined. 
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2. In this section we consider the special case of the general 
situation where most of the difficulty lies. We fix the following notation 
and assumptions: 
(a) G has a faithful irreducible character, x, with x( 1) = f < 2~. 
(b) P E Syl,(G), P = (x) has order p. P + G. 
(c) G has the normal p-complement, N. 
The cases p = f and p = 2 will be considered separately in section 3 and we 
assume here that 
(d) f #P f 2. 
Since p r f, we have xN is irreducible and thus by Lemma 1.2, there exists 
a p-fixed character # of G with Z/Q,, = xN . Thus ker # n N = 1 and ker 4 
is a p-group. It follows that ker 4 = 1 and we may assume that x = I+%. 
We therefore assume 
(e) x is p-fixed. 
Let r be the type of x with respect to x. Then as x $ ker x, we have r = 1 
or 2 and f 3 p - 1. Note that the latter conclusion follows from (a)-(c). 
Let K = C,(x). By Theorem 1.4, xK = p0 & /3 where /3 E Irr(K). Con- 
sideration of the possibilities yields the following. 
LEMMA 2.1. One of the following cases occurs. 
(la) r = 1, xK = (p - l)O, O(1) = 1 andf =p - 1, 
(lb) r=l,~~=p~+~,8(l)=l,~~Irr(K)andf>p+l, 
(2a) r = 2, XX = (p - l)O, O(1) = 2, 0~Irr(K) andf = 2p - 2, 
(2b) r = 2, XK =ph -I- (p - 1)/3, h(1) = 1 = /3(l) andf = 2p - 1. 
The proofs which follow depend on choosing subgroups H, with P C H c G 
and P +I H. We give a lemma to describe xw . 
LEMMA 2.2. Let P C H C G with P + H. Let 4 be an irreducible constituent 
of xH . Then # is of one of the following types. 
(i) PC ker # 
(ii) P g ker IJ but H/ker 4 is p-cZosed. G( 1) = 1. 
(iii) H/ker # is not p-closed. #(l) 2 p - 1. 
Furthermore, the total of the degrees of characters of type (i) is <f - r(p - 1). 
No characters of type (ii) occur unless r = 2 and p - 1 such characters occur. 
At least one character of type (iii) occurs, and unless r = 2 or p = 3, only one 
of this type occurs. 
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Proof, Since H is a subdirect product of groups of the form H/ker I/J, 
as 4 runs over the irreducible constituents of xH, at least one of these groups 
is not p-closed. Suppose H/ker # is not p-closed. Then applying the remarks 
at the beginning of this section to Hjker $ we conclude that 4(l) > p - 1. 
I f  #(I) > p - 1 then x(I) < 2$(l) and + is the unique constituent of xH of 
its degree, and thus is p-fixed and #(x) has p - 1 eigenvalues unequal to 1. 
If  #(l) = p - I, then by Lemma I .2, a linear character X of H/H n AT 
exists such that A# is p-fixed. Then (X+)(x) has the p - 1 primitive p-th 
roots of unity as eigenvalues and #(x) h as at least p - 2 eigenvalues different 
from 1. Thus if I/J~ and Z& are two constituents of xH of type (iii), then X(X) 
has at least 2(p -- 2) eigenvalues different from 1. If  Y mm I, then 
2(p - 2) <p - 1 and p 1 3. 
Suppose now, that 4 is an irreducible constituent of xH and Hiker $J is 
p-closed but that P g ker I/J. Then P ker #/ker # C Z(H/ker 4) and hence all 
eigenvalues of I/J(X) are equal to some primitive p-th root of unity, E. Since x 
is p-fixed, application of the Galois group yields p - 1 constituents $i of xH , 
with z&(x) having $( 1) eigenvalues equal to &. Also xH has some constituent 
&, of type (iii), and #O(~) h as an eigenvalue different from 1. This yields 
1 + #(l)(p - 1) < ~(p - 1) so #(I) = 1 and Y = 2. 
Because of the above, any irreducible constituent of xH which is neither of 
type (iii) or (ii) is of type (i). Let 0 be the sum of all such constituents, so that 
O(1) < the number of eigenvalues of x(x) equal to I, since P C ker 0. The 
result follows. 
We are now ready to start a case by case analysis of the possibilities 
described in Lemma 2. I. 
PROPOSITION 2.3. In case I a, f  =y p - 1 is a power of 2 and N is nilpotent. 
Proof. By Lemma 2.1, f  = p - 1 and KC Z(G). Since K < N, choose 
a prime q 1 i N : K i. Select a Sylow q-subgroup, Q of N which admits P. 
Since Q g K, we have P + PQ and Lemma 2.2 applies. Thus xpa has an 
irreducible constituent # of type (iii) and p - 1 = x( 1) > #(l) 2 p - 1. 
Thus xpB = I/J is irreducible and thus x0 is irreducible and f  = p - 1 is a 
power of q. Therefore q = 2 and N/K is a 2-group. Since K CZ(N), N is 
nilpotent. 
COROLLARY 2.4. In the situation of Lemma 2.2, ;f  a constituent, 4, of xH 
of type (iii) has degree p - 1, then p - 1 is a power of 2, ker $ C H n N and 
H n N/ker $ is nilpotent. 
Proof. Let M = ker #. Since H/M is not p-closed we have MC H n N. 
By Lemma 1.2, there exists a linear character h with AI/J being p-fixed and 
(~$&n, = ~Hr-w . Thus M = ker(h$) and Proposition 2.3 applies to the 
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group H/M with respect to the character X4. It follows that p - 1 is a power 
of 2 and H n N/M is nilpotent. 
PROPOSITION 2.5. In case 2a, f = 2p - 2 is a power of 2. 
Proof. By Lemma 2.1, we do have f  --_ 2p - 2. Since K < N, we may 
choose q / I N : K 1 and a Sylow q-subgroup, Q, which admits P. Since 
Q $ K, P + PQ and Lemma 2.2 applies. Since f  - r(p -- 1) = 0, no 
characters of type (i) occur as constituents of xPe . It now follows from 
Lemma 2.2 that either xPo is irreducible or else has an irreducible constituent 
of degree exactly p - 1. In the former case, 2(p - 1) is a power of q and 
q = 2. In the other case, Corollary 2.4 applies and again the result 
follows. 
It should be noted that in this case, N definitely need not be solvable. 
An example may be constructed for p = 17 by letting N be the central 
product of SL(2, 5) with an extra-special %-group of order 29. 
Before considering cases lb and 2b we shall obtain information about 
normal subgroups of G. The following lemma about permutation groups 
will be useful. 
LEMMA 2.6. Let X be a transitive permutation group of degree d. Let p # 2 
be a prime and suppose p # d < 2~. Suppose Y 4 X with 1 X : Y j = p. 
Then d = p + 1 is a power of 2 and X is solvable. 
Proof. Since p 1 / X 1, d > p, but p2 r / X / since d < 2~. Let P be a 
Sylow p-subgroup of X. We claim that X is primitive, otherwise there are 
<p blocks, each of size <p. It follows that P fixes every block and hence 
every point, a contradiction. Let r be the set of points moved by P and A 
the fixed point set of P. Since P is transitive on r and / A / = d - p, it 
follows from Jordan’s Theorem [9, Theorem 13.21 that X is (d - p + l)- 
transitive on TU A. 
Now let S be the setwise stabilizer of A. Since X is (d - p + 1)-transitive, 
S acts as the full symmetric group on A. Since S = P(S n Y) and P is 
trivial on A, S n Y acts as the full symmetric group on A. Since PC S, 
S is transitive on r. However, S n Y 4 S and p ‘I ( S n Y 1 and thus S n Y 
acts trivially on r. I f  1 A 1 > 1, it follows that S n I’ contains a transposition 
and hence by Jordan’s Theorem, X is the full symmetric group. This 
contradicts Y q X with 1 Y : X 1 = p # 2 and we conclude that ( A ( = 1 
and d=p+l. It follows that SnY fixes all points so SnY=l. 
Furthermore, S = X, is a point stabilizer and thus Y is a regular normal 
subgroup of the 2-transitive group X. Thcls 1 Y / = d = p + 1 is a prime 
power, hence a power of 2, and X is solvable. 
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LEMMA 2.7. Let L _C N, L (1 G. The following are the only possibilities. 
(a) xr is irreducible, 
(b) G is of type 2a, 
(4 L L Z(G), 
(d) .f  = p + I is a power of 2 and N is solvable, 
(e) p = 3, f  = 4 and L is nonabelian and nilpotent. 
Proof. Suppose that neither (a) nor (b) occurs. By Clifford’s Theorem, 
we have xL =. e C,“=, vi where e@(l) = f  < 2p and et > 1. Suppose P 
acts nontrivially on (qi}. Then t > p and it follows that e = 1 = ~~(1) and 
t = f. Let C be the kernel of the action of G on {pi}. Then C _C N and xc 
has f distinct irreducible constituents. Hence C is abelian and G/C is a 
permutation group which satisfies the hypotheses of Lemma 2.6. Thus 
f  = p + 1 is a power of 2 and G/C is solvable. Therefore G is solvable and 
(d) follows. 
Assume for the remainder of the proof that P acts trivially on {TV}. By 
Lemma 2.1, xK has more than f/2 equal linear constituents (since G is not of 
type 2a). Thus if L _C K, then vi( 1) = 1 and e > f/2 so that e = f .  It follows 
that L cZ(G) and (c) follows. 
Suppose now that L $ K so that P +I PL and Lemma 2.2 applies to xPL. . 
Every irreducible constituent of xPL. remains irreducible upon restriction 
to L and thus all have equal degree dividing f .  Since some constituent has 
degree >p - 1, xPL. has exactly two irreducible constituents, each of degree 
p - 1 and f  = 2(p - 1). Write xPL. = $I + & . Since G does not fall 
under case 2a, we must have r = 1 and thus either P C ker +r (say) or both 
#r and #a are of type (iii). In the latter situation, we havep = 3 by Lemma 2.2 
and by Corollary 2.4, L is a subdirect product of nilpotent groups and hence 
is nilpotent. In this case (e) follows. 
Suppose then, that PC ker #r . We have 
(AL = Vl and [L, P] _C L n ker #r = ker qr . 
If t = 1 and e = 2, then ker ‘pr C ker x = 1 and this is a contradiction, 
since [L, P] # 1. Thus t = 2 and the inertia group, T, of v1 in G has index 2 
in G. Thus P S T 4 G and [N, P] _C T. Now xr has a constituent E with 
.$=,, = #r . Thus P _C ker 5 (1 T and [T, P] _C ker 5. Hence, [N, P] n L = 
[N,P,P]nLC[T,P]nL_Cker(nL=kerp,. Since [N,P]nLaN, 
we have [N, P] n L C ker rpl n ker ~a = 1. However 1 < [L, P] _C [N, P] n L 
and this is a contradiction. 
PROPOSITION 2.8. In case 2b, f  = 2p - 1 is a prime power and N is 
solzable. 
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Proof. By Lemma 2.1 we have f = 2p - 1. Use induction on 1 G I for 
the rest of the proof. Suppose N’ < N. Then we may choose an abelian 
chief factor N/L of G. Since p + 1 # f  f  2(p - l), cases (b), (d) and (e) 
of Lemma 2.7 cannot occur. I f  xr is irreducible, then so is xPL. and we may 
apply mductlon to PL to conclude that L is solvable and f is a prime power. 
Since N/L is abelian, the result follows in this case. 
If  L C Z(G), then it is abelian and x( 1) 1 j G : L 1. Thus N is solvable and 
fJjN:LI,aprimepower. 
We may suppose then, that N = N’. Since N is not solvable, I N : is 
divisible by at least three primes and we may choose a prime q, with q 1 / N I, 
q # 2 and f not a power of q. Choose a Sylow q-subgroup, Q of N which 
admits P and let M = NN(Q). Since iV = N’, N does not have a normal 
q-complement and thus Q $ Z(M). In particular, M is not abelian and hence 
M e K, since K is abelian by Lemma 2.1. Therefore P 43 PM and Lemma 2.2 
applies to xPM . 
Since f - r(p - 1) = 1, there is at most one character of type (i) and if it 
exists it is linear. It follows from Lemma 2.2 that the number of linear 
constituents of xMP is either 0, 1 or >p - 1 and all other irreducible 
constituents have degree >p - 1. Th e o f  11 owing are the only possibilities. 
(a) All constituents of xPM have degree 1, p - 1 or p; 
(b) xPM has an irreducible constituent of degree 2p - 2; 
(4 XPM is irreducible. 
Assume (a). I f  4 is an irreducible constituent of xPM of degree p then all 
irreducible constituents of $J~ are linear. I f  I/J is an irreducible constituent 
of xPM of degree p - 1, then p - 1 is a power of 2 and M/ker # is nilpotent 
by Corollary 2.4. Also, since q # 2 and Q <I M, it follows that all constituents 
of #o are linear. We conclude that M is a subdirect product of nilpotent 
groups and hence is nilpotent. Also, Q is abelian and is Sylow in M. Thus 
Q C Z(M), a contradiction. 
Assume (b), so that xPM has an irreducible constituent 4 of degree 2p - 2. 
Now 4 is p-fixed and x has type 2 with respect to 4. By Theorem 1.4, 
#KnM = $0, 5 & where 0,( 1) = 2 and p,, is irreducible. Since z/~(l) = 
2(p - l), we must have B,, = &, and #KnM = (p - 1) BO. Since B0 is an 
irreducible character of degree 2, K n M is nonabelian. This is a contra- 
diction, since K is abelian. 
Finally, assume (c), so that xPM is irreducible. Then PM is of type 2b and 
Q u PM. Apply Lemma 2.7 to PM. Cases (b), (d) and (e) are eliminated 
as before, since p + 1 f  f  # 2(p - 1). Since Q $Z(M), case (c) is 
eliminated. Thus x0 is irreducible and f is a power of q. This contradicts 
the choice of q and the proof is complete. 
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PROPOSITION 2.9. In case 1 b, f  = p + 1 is a power of 2 and N is solvable. 
Proof. Use induction on 1 G (. Suppose first that N’ < ,V and choose 
L < N with N/L an abelian chief factor of G. We apply Lemma 2.7 to L. 
If  (a) occurs, L e K and the inductive hypothesis applies to PL. Thus 
f  = p + I = 2” and L is solvable. In this case, Ai is solvable and we are 
done. Since Y :: I, (b) cannot occur and we assume (c). Here L CZ(iV) 
and N is therefore solvable. Also f  1 1 N : L 1 and thus f  is a prime power. 
Now L _C K < N and K admits P. It follows since N/L is abelian, that 
K (1 G and thus K = L. By Lemma 2.1, xK has an irreducible constituent, 
/3, of degree f  - p. Since L is abelian, f-p = 1 and the result follows. In 
cases (d) and (e), , f  = p + 1 = 2” and L is solvable. Thus N is solvable in 
these cases and the result follows. 
For the remainder of the proof, we assume that N = N’ and derive a 
contradiction. Fix a particular f-dimensional complex vector space, I’, on 
which G acts to afford the character, x. By Lemma 2.1, xK = p0 + ,8 where 
0(l) = 1 and ,6 E Irr(K). It follows that xPK has a (reducible) constituent 
of degree p whose restriction to K is ~0. Choose a p-dimensional subspace 
U 2 Y which admits PK and affords the character p0 of K. Let S be the 
stabilizer of U in N so that S > K, PC N(S) and since U < V admits S, 
we have S < N. The proof will now be divided into two major cases, 
depending on whether or not 1 N : S 1 is a power of 2. 
Case A. First suppose that there exists an odd prime 4 / / N : S j. Let 
Q be a Sylow g-subgroup which admits P. Then Q $ S; so, in particular, 
Q $ K and P +I PQ. By Lemma 2.2, xpo has an irreducible constituent II, 
of type (iii) and degree >p - 1. Since Q # 2, $(l) is odd and #(I) > p. 
Thus $ is the unique constituent of xpo of type (iii) and so $ is p-fixed. If  
#(l) # p, then (PQ)/ker # is of type la or lb and since PQ < G, induction 
applies to yield g(l) = p & 1. This is a contradiction since #(I) is odd, and 
hence #(l) = p. Let U,, C V be a subspace of dimension p which admits PQ 
and affords I& Note that Us # U since U does not admit Q because Q e S. 
By Lemma 2.2, each constituent of xpo other than 4 has P contained in 
its kernel. Let R be the subgroup generated by all of the p-elements of PQ. 
Since R Q PQ it follows that xR = #R + (f-p) lR and lCrR is irreducible 
since I/( 1) = p. Now UO admits R and R acts trivially on V/U, , and 
irreducibly on ?7,, . Because dim V < 2p, we have (0) < U n U, < U,, 
and thus U does not admit R. Since R is generated by its Sylow p-subgroups, 
one of them, say PO, is not admitted by 0: 
Now xi,, has exactly p - 1 nonprincipal linear constituents and thus there 
exists a unique subspace Y C V of dimension p - 1, on which PO acts without 
fixed points. Since PO _C R acts trivially on V/U, , it follows that Y C U,, . 
Also P,, acts trivially on V/Y. 
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By complete reducibility V = U & W where W admits S and affords /3 
on K. Let V* = Y + W. Since P, is trivial on V/Y, it follows that V* 
admits P, . Also V* = W + (U n V*) and U n V* admits K since U 
affords $9 on K. It follows that Vi* admits (P, , K) = L. 
Assume now that f  > p + 2. Then p(l) > 2 and if X is any subspace of 
V which admits K, with X e U, then U + X > U and thus U + X = V 
and some subspace of X affords /3. Therefore S > W since /3 has multiplicity 
1 in xK. It follows that U is uniquely defined by K and thus P, cannot 
centralize K since it does not stabilize 15’. We have then, P,, + L and Lemma 
2.2 applies to L (with respect to P,,). Thus xr has an irreducible constituent 9) 
of type (iii) with ~(1) >, p - 1. Now 9 is the unique constituent of xr of 
type (iii) since otherwise by Lemma 2.2, p = 3 and f  2s 5 = p + 2, 
contradicting the assumption that f  > p + 2. It follows that 9 is p-fixed 
and thus ‘pp, has p - 1 nonprincipal linear constituents. Now L < G since 
V*admitsLanddimV*<dimY+dimW=(p-l)+(f-p)=f-1. 
By the inductive hypothesis applied to L/ker QI we conclude that ‘p( 1) = p - 1, 
porp+ 1. 
Let V, C I/ admit L and afford v. Since vPO has p - 1 nonprincipal 
irreducible constituents, we have V, 1 Y. Since V, admits K, either V, C U 
or V,, I, W. Now V, g U or else Y C U and since P, is trivial on V/Y, it 
would follow that U admits P,, which is not the case. Thus V, I W + Y = V* 
and dimV*<dimV,=~(l)<p+l<cf-1.=dimY+dimW. It 
follows that Y n W =f (0). 
Since Y C U, , we have U, n W f  (0), and V, = U,, + W < V. Now 
R is trivial on V/U, and V, = W + (V, n U) admits K so that V, admits 
(K, R) = H. Since xR has the irreducible constituent #R of degree p, it 
follows that xH has an irreducible constituent 6 of degree >p. Let V, C V 
admit H and afford 6. Then (0) < U, n V, and since R is irreducible on 
U,, , we have U, C V, . Thus W n V, 2 W n U, > (0) and since K is 
irreducible on W, we have WC V, and hence V, = U, + W 2 V, . It 
follows that V, = V, affords 6 and since W _C V, , p is a constituent of tK. 
Thus &c = B + (t(1) - P(l))0 and 0 < 5( 1) - p(l) < p since t(l) = 
dim V, < dim V = p + p(1). Now ((1) > p or else all constituents of 
5 HnN are linear which contradicts /3(l) > 1. Thus EHnr, is irreducible and 
since K = C,,-,,(P), Theorem 1.4 is violated, since fK does not have the 
prescribed form. We conclude from this contradiction that f < p + 2. 
Recall that xPO has an irreducible constituent, #, of degreep. All irreducible 
constituents of +. are linear. Since q # 2, xu cannot have an irreducible 
constituent of degree 2 and it follows from f < p + 2 that x0 is a sum of 
linear constituents and Q is abelian. 
Let M = NN(Q). Since N = N’, it follows by transfer theory, that 
q T 1 M : M’ 1 and therefore, that Z(M) n Q = 1. Now P c N(M) and xPM 
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has an irreducible constituent, p, with vpa having 4 as a constituent. Thus 
p?(l) 3 p and p) is p-fixed. The usual induction applies to yield three 
possibilities. Either, M := iY and Q (1 N; p(l) : p and vPy :: $; or 
~(1) r: p -L I is a power of 2. We consider these three possibilities. 
If  Q u N, then Lemma 2.7 applies. Since Q $Z(G), Q is abelian and 
h' -= N’, it is apparent that none of the possibilities described in the lemma 
can occur. 
Suppose then, that ~(1) ; p. Recall that R =_ PO ,> P and that 
XR=#R+(.f-P)IR. Write xPM == v  + CL. Since pPa _= I/J, it follows 
that R _C ker CL. Also, since ~(1) = p, all constituents of yM are linear and 
%I’ C ker v. Thus [M, M n R] C ker y  n ker p -= 1 and M n R C Z(M). 
However, M n R is a nontrivial subgroup of Q and this is a contradiction. 
Finally, suppose that ~(1) == p + 1. Now zjo is a constituent of q~o and 
thus Q $ ker q. Since Q d MP, q~o has no principal constituents. Now P 
permutes the p + 1 linear constituents of v. and thus P fixes one of them. 
It follows that C .= Co(P) ;‘- 1. ivow C = Z(PQ) and thus C acts as scalar 
multiplications on the vectorspace CT0 . Also C _C R and thus C acts as scalar 
multiplications on U. Since dim(li + CT,) < dim LT + dim Lr,, , we have 
U f~ U, # (0) and thus C acts as scalar multiplications on U + CT0 . Since 
u ;r, L?() , it follows that xc has at least p + 1 equal, linear constituents. If  
these are all principal, then since C # 1 and f < p + 2, we conclude that 
xc has a unique nonprincipal, irreducible constituent, which is necessarily 
linear. It follows that C $ ker(det x) and this contradicts N = N’. 
Thus xc has p + 1 equal linear constituents h $ 1 c . I f  f = p + 1, then 
C cZ(G) and 1 < CC Q n Z(M), a contradiction. Thus f =: p + 2 and 
~~=~~-tt~wheret~(l)=l.Sinceq~IM:N’l,wehaveQ_Cker~~and 
,uc = 1 c # h. It follows that pc -= (p + 1)h and [C, M] C ker q n ker p m= 1. 
ThusC_CQnZ(M) d an we have a contradiction which completes the proof 
of Case A. 
Case B. We assume now that 1 N : S : is a power of 2. Suppose that 
in fact j N : K j is a power of 2. Let T be a Sylow 2-subgroup of N which 
admits P. Then N = KT and [N, P] i_c [K, P][T, P] = [T, P], and 
L = [N, P] d N is a 2-group. If  xr. is irreducible, then induction applied 
to LP yieldsf = p + 1. Then p(1) = f  - p = 1 and K is abelian. However, 
LK = [N, P] C,(P) = N and thus N/L is abelian and N is solvable. This 
contradicts N = N’. Thus ,yr. is reducible and L $i Z(G) since [L, P] -== 
[N, P, P] = [N, P] # 1. By Lemma 2.7, this forces f = p + 1 and a 
contradiction is obtained as above. 
Assume now that / N : K 1 is not a power of 2, so that there exists an odd 
prime 4 / / S : K j. Since S admits P, we may choose a Sylow q-subgroup Q, 
of S’ which admits P. Since Q $ K, P +I QP and since q f  2, we conclude 
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as previously that xoP has an irreducible constituent of degree p. It follows 
that there is a unique subspace of I/ of dimension p which admits PQ. Since 
PQ C PS, it must be that the subspace in question is U and PS acts 
irreducibly on U. We may write xPs = #J + p where 4(l) = p and (by 
Lemma 2.2) PC ker CL. Now let R = Ps (I PS so that R C ker p. 
All constituents of lcrs are linear and thus S’ C ker $. Hence 
[S n R, S] C ker # n ker p = 1 and S n R C Z(S) = 2. 
h’ow as S > K, it follows that R > P and R n S # 1. Thus Z > 1. 
Now let M < N be a maximal normal subgroup, so that N/M is a 
nonabelian simple group. We shall show that Z C M. Let s E Z, so that 
C,,,(Mx) 9 SMjM and the class of Mz in N/M has size which is a power 
of 2. By a theorem of Burnside, ((18.2) of [2]) this cannot happen in the 
simple group N/M unless Mz = M, i.e., z E M. This shows that Z Z M 
and since PC N(Z), it follows that 
ZCL=nMWG. 
YEP 
Now, P + R since P + PS and thus R n S $Z(G) since R = P(R n S). 
Thus L $Z(G) and Lemma 2.7 shows that either xr. is irreducible or 
f  = p + 1. Even if xr. is irreducible, we still have f  = p + 1 by applying 
induction to PL < G. 
Thus p( 1) = 1 and all constituents of xs are linear. Therefore S is abelian 
and S = 2 CL. It follows that N/L is a 2-group and since L _C M < N, 
this contradicts N = N’. The proof is now complete. 
3. Before proving the main result, we must consider the cases 
omitted in Section 2, namely p = f  and p = 2. The following result for 
p = f  is a slight generalization of Winter’s Theorem 2 in [l 11. 
PROPOSITION 3.1. Let G have a faithful irreducible character x of prime 
degree p. Suppose S 4 G is p-solvable but not p-closed. Then G is solvable. 
Also pz +. 1 G : O,(G)I. 
Proof. I f  N 4 G, then either xN is irreducible or N is abelian. In 
particular, O,(G) is abelian. Now suppose O,(G) C A <I G with A abelian. 
We claim that O,(G/A) = 1. For let H/A = O,,(G/A). Then H has a 
normal abelian subgroup of p’-index and thus by (9.13) of [2], xH cannot be 
irreducible. Therefore H is abelian and hence O,(H) C O,(G) C A has 
index a power ofp in H, and H/A is ap-group. Thus H/A = O,,(G/A) = 1. 
Now let U = O,,,(G). We claim that U is not abelian. Otherwise, 
O,,(G/U) x 1 by the above and it follows that U = O,,,,(G) is the 
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maximal p-solvable normal subgroup of G. Thus SC U is abelian which 
contradicts the assumption that S is not p-closed. 
Now x0 is irreducible and 7~: has an abelian normal p-complement. It 
follows by (10.2) of [2], that c-is an M-group and hence contains a subgroup 
A of index p with xA reducible. It follows that il -4 c,’ and A is abelian. 
Also, xA is a sum of p distinct linear characters. We now distinguish two 
cases. 
First, suppose A (1 G. Then G acts on the set of p linear constituents of 
xA . Let K be the kernel of this action. Then xK cannot be irreducible and 
hence K is abelian. We may assume without loss that KC S. Since K is 
abelian, K Q S and S is not p-closed, it follows that p i / S : K I and thus 
p ‘i j G : S 1 since p2 r 1 G : K ‘. Hence G is p-solvable. 
Now O,,(G) 7: O,,(U) C il and thus by the first paragraph of the proof, 
O,,(G/A) = 1. By Lemma 1.2.3 of [4], it follows that CG:,(U/ilA) = U//l, 
since U/A = O,(G/A). Thus G/C’ is isomorphic with a subgroup of 
Aut( L’/,‘lA) which cyclic of order p - 1. Hence G is solvable and p2 r 1 G : d 1. 
It follows that p’ r 1 G : O,(G),. 
We now consider the case that A +I G. Let B f  A be a conjugate of A in 
G.SinceACC;~G,wehaveBCU, AB-UandZ-AnBCZ(U). 
Since x0 is irreducible, it follows that ZcZ(G). Let C/Z = C,,,(U/Z). 
We claim that C = U. We may write C = llOP where U, C Z and 
P E Syl,( U). Clearly P (1 G. Now let I E C be a $-element. Then 
[P, x] c [U, x] C z and [P, x, x] == 1. 
It follows that [P, X] = I and of course [U, , X] _ 1, so that x EC(U). 
Since x0 is irreducible, we have x E Z(G). We conclude from this that C has a 
normal p-complement and thus CC O,,,(G) = U. It follows that C = I: 
and hence G/U acts faithfully on U/Z. Therefore G/U is isomorphic with 
a subgroup of Aut(U/Z) g GL(2, p). Thus p2 7 1 G : CT 1 and as in the 
preceding case, we may assume U _C S. Since U is p-closed, p 1 1 S : C’ I 
and hence p f  1 G : S 1 and G is p-solvable. Thus G/U is isomorphic with 
a p-solvable subgroup of GL(2, p) of order divisible by p. All such subgroups 
are solvable and thus G is solvable. Also p” { I G : P 1 and the second 
statement follows. 
We must now consider the case p = 2. It suffices to study 2-solvable 
linear groups of degree 3. Of course it follows from the solvability of groups 
of odd order that such a group is solvable. This also follows from the 
classification of linear groups of degree 3. Instead of appealing to these 
theorems, we give an elementary proof of the needed facts. 
LEMMA 3.2. Let / G / be odd and suppose G has a faithful character x of 
degree 3. Then G has a normal abelian 3-complement. 
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Proof, Let G be a minimal counter-example. Then G is not abelian and 
it follows that 2 is irreducible. Every proper subgroup of G has a normal 
3-complement. Note that every 3’-subgroup of G is abelian. 
Let N = O,(G) so that if P/N is a 3-subgroup of G/AT with P/N f  1, 
then M/N = N(P/N) < G/l\‘. Thus M < G has a normal 3-complement, 
and N(P/N) has one also. Since P/N is an arbitrary 3-subgroup of GIN, it 
follows by a theorem of Frobenius that G/N has a normal 3-complement 
H/N. If H < G then H and hence G has a normal 3-complement and thus 
H = G and NE Syl,(G). 
Now xN is irreducible and thus as in the previous proof, there exists iz 4 G, 
A L N with N/A elementary of order 9 or 3. Let C = C,(N/A) so that G/C 
is isomorphic to a 3’-subgroup of Aut(N/A) and thus is a 2-group. Since 
IG:isodd,C==G,andG/A=N/A~K/A.NowKqGandiG:K/=3 
or 9. Thus K has a normal 3-complement and the result follows. 
COROLLARY 3.3. Let G be 2-solvable and have a fait&d irreducible 
character of degree 3. Then G is solvable. 
Proof. By 2-solvability, G has a 2-complement, H. By the lemma, H 
is solvable and thus every odd composition factor of G is solvable. Since G 
is 2-solvable. it follows that it is solvable. 
4. In this section, the main theorem of the paper will be proved, 
but first a few remarks are in order. As was stated in the introduction, the 
problem was to consider p-solvable groups which are not p-closed. As it 
turns out, p-solvability is not quite necessary and it suffices to assume the 
existence of a p-solvable normal subgroup which is not p-closed. 
Conclusion (d) of the following theorem was inserted primarily in order 
to make the inductive proof work. It should be pointed out that when G 
is p-solvable and f  < 2p - 2 (in the notation of the theorem), then (d) is a 
special case of a far more general theorem of Winter [12]. (This special case 
also occurs in [5].) Despite the close connection, it was not found convenient 
to appeal to Winter’s theorem in the present proof. 
THEOREM 4.1. Let G have a faithful irreducible character of degree f  < 2p. 
Suppose G has a normal p-solvable subgroup which is not p-closed. Then, 
(a) f=p-l,p,p+1,2p-2or2p-I; 
(b) f  is a prime power; 
(c) G is solvable unless f  = 2p - 2 > 2; 
(d) pa+IG:O,(G)i unless f-2p-2>2 or p=2 and f=3. 
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Proof. Assume G is a counterexample of minimal order. Let x be the 
given faithful character and let S be the unique maximal p-solvable normal 
subgroup of G. We proceed in a number of steps. 
(i) p # f, p # 2. If  p = f, the result follows from Proposition 3.1 and 
since G is a counterexample, p # f. I f  p = 2 then p # f  < 2p and f  f  1 
so that f  = 3 and (d) does not apply. Since (c) follows from Corollary 3.3 
and (a) and (b) hold, we have a contradiction. 
(ii) I f  N u G is p-solvable but not p-closed, then xN is irreducible. 
Since N is a subdirect product of groups of the form N/ker I/J, for irreducible 
constituents # of xN , it follows for some # that N/ker 4 is not p-closed. 
Suppose that xN is reducible so that N < G, $( 1) : fa < f  and fs 1 f. Thus 
2fo <f < 2p and f. < p. By (a) applied to N/ker #, we conclude that 
.fs = p - 1 and thus f = 2fo = 2p - 2. Since p # 2, it follows from (b) 
on N/ker 4 that f. is a power of 2 and thus so is f.  We have now proved (a) 
and (b) and since f = 2p - 2 > 2, (c) and (d) do not apply. This is a 
contradiction. 
(iii) p 7 I Z(G)/. Supposing the contrary, let 2 C Z(G) with j 2 1 = p. 
Then xz = fA where I\ is a linear character of Z. Let TV = det x so that 
pz = Y. Since p f  f, we may choose an integer, m, such that mf 5 - 1 mod p. 
Let z+% = pLmx. Then #a = f  (PA) = f  1 z, since hp = 1 s. Hence 1 < Z C 
ker # = K. Since xK = f  (p-nL)K, we have K _C Z(G) C S. Since S is not 
p-closed, neither is S/K and the theorem applies to G/K with respect to the 
character #. Since $(l) = f,  (a) and (b) follow for G. If  G/K is solvable, 
then so is G and since KC_Z(G), O,(G/K) = O,(G) K/K and (d) follows 
from this. This is a contradiction. 
(iv) S = O,,/.(G). Let U = O,,(G) and I’ = O,,,,(G). Since S 
is not p-closed, U < S and thus V > U. Since I’ is not p-closed, it follows 
from (ii) that xv is irreducible. Supposing V < S we have V < G and by 
applying the theorem to V, (a) and (b) follow. Thus (c) or (d) is false and 
therefore f  # 2p - 2. By (d) applied to I’, we have j V : U ; = p. Let 
C = C,(V/U). Then by Lemma 1.2.3 of [4], C n S C I’ < S and C < G. 
Also G/C is cyclic of order dividing p - 1. Since I’ C C, we have xc is 
irreducible and (c) applies to C. Thus C is solvable and since G/C is cyclic, 
G is solvable. Thus S = G, C L= I/ and p f  ) G : V 1. It follows that 
p2 f  1 G : O,(G)1 and this is a contradiction. 
(v) O,(G) = 1. Let A = O,(G) and D = Co(A). Suppose A f- 1. 
Since p rf, all irreducible constituents of xa are linear and A is abelian. 
Now D n S is p-closed since otherwise xons is irreducible by (ii). In that 
case ;2 c Z(D n S) 5 Z(G) and this violates (iii). Since D n S u S and 
S is not p-closed, it follows that p 1 1 S : S n D 1 and therefore p 1 / G : D I. 
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Now G acts on the set of linear constituents of xA and the kernel, K, of 
this action contains D. In fact, we claim K = D, for if 4 is any irreducible 
constituent of xK, then #A = #(l)h f  or some linear character X of A and 
hence [K, A] C ker 4. It follows that [K, A] = 1 so K C D. Since p 1 1 G/D 1, 
it follows that the number of distinct linear constituents of xA is >p, and 
since f  < 2p, each must have multiplicity 1. ‘Ilie conclude that all 
irreducible constituents of xo are linear and D is abelian. Thus D C S 
and since G/D acts faithfully on f  < 2p symbols, we have p2 { i G : I) ‘. 
Sincepi 3: D1, it follows that p f  G : S ). Thus G is p-solvable and 
S = G. 
By (iv) S/A _- G/A h as a normal p-complement. Since A C D, G/D has 
a normal p-complement and since p ‘i , G : D /, G/D has a normal subgroup 
Y of index p. Now G/D is a transitive permutation group on the f  linear 
constituents of xa . Lemma 2.6 applies and f  = p + I is a power of 2 and 
G/D is solvable. Since D is abelian, G is solvable and since p2 r 1 G : D !, 
it follows that p2 7 I G : O,(G)/. We therefore have a contradiction. 
(vi) G has a normalp-complement. By (iv) and (v), S has the normal 
p-complement U. Since xs is irreducible by (ii), it follows from p T f that x0 
is irreducible. Let P E Syl,(G). It suffices to show that UP = G. Now 
U n O,( UP) = 1 and hence O,( UP) C C(U) c Z(G) since xv is irreducible. 
By (iii), it follows that O,(UP) = 1 and UP satisfies the hypotheses of the 
theorem. If UP < G, then (a) and (b) hold for UP and hence for G. Thus 
f  i 2p - 2 and p2 7 1 UP : O,( UP)\. Therefore / P 1 = p and since p ( / S /, 
it follows that p { 1 G : S 1. Hence G is p-solvable and S = G. Thus U is a 
normal p-complement for G. 
(vii) The final contradiction. By Lemma 1.2, it follows from (vi) that 
G has a p-fixed character # with tit, = x0, where U is the normal p- 
complement of G. Thus ker # n U == ker x n I/ = 1 and ker t,b is ap-group. 
By (v), ker 4 = 1. Let P E Syl,(G), / P I = p”. By Lemma 1. I, applied to #, 
P is elementary abelian and s < f/(p - 1). Since f < 2p and p > 2, it 
follows that s < 2. 
Suppose s = 2. Then f  > 2p - 2 and also lclP has two nonprincipal 
linear constituents X and p with ker A # ker TV. Since $ is p-fixed, there are 
at least P - 1 linear constituents of I,!J~ with kernel equal to ker A. Let 
1 # z E ker A. Then in the notation of Section 1, x has type I with respect 
to $I. We may apply the results of Section 2 to (U, x) to conclude that 
f  = p - 1 or p + 1. This contradicts f  3 2p - 2 unless p =: 3 and f  := 4. 
In that casef = 2p - 2 and (c) and (d) do not apply. However, (a) and (b) 
hold in this case and we have a contradiction. 
We conclude that s = 1 and (d) holds. N ow the results of Section 2 apply 
to G and prove (a), (b) and (c), yielding a contradiction. 
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In [I], Blichfeldt states without proof that if G is a collimation group of 
degree f having an irreducible normal subgroup H, and if p > $(f f  1) 
is a prime not dividing 1 H ~ ; then p I / G ; unless p =: 2” I 1. Translating 
this into our notation, it becomes the following corollary of Theorem 4.1. 
COROLLARY 4.2. Let G have a faithful character x qf degree f  and suppose 
H (I G, Z(G) _C H a?ld xH is irreducible. Let p > $(f + 1) be a prime with 
pfjHl. Thenp~IG/unlessp=2a&1. 
Proof. Suppose p / 1 G ) and let P E Syl,(G). Then HP is p-solvable but 
is not p-closed or else P C C(H) _C Z(G) _C H since xH is irreducible, and this 
violatesp~~HI.Wehavef<2p-landp~~H~sof~p.ByTheorem 
4.1,f=p- l,p+l or 2p-2 and is a prime power. Since 1 <f, we 
cannot have p = 2 and thus p - 1,p + 1 or 2(p - 1) is a power of 2. 
The result follows. 
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